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Abstract

In one-well geothermal plant, the mass ¯ow of the geothermal ¯uid between the aquifer and the heat exchanger is
supplied only by one well. It is universally acknowledged that this type of plant has some thermal and ¯uid dynamic
limits and, therefore, they were proposed only for low and medium thermal applications; however simple models are

lacking to explain and correctly evaluate these limits. The fundamentals of a lumped parameter model of the
thermal and ¯uid dynamic phenomena giving rise to heat ¯ow limits were explained by Carotenuto et al. (A.
Carotenuto, C. Casarosa, M. Dell'Isola, L. Martorano, An aquifer±well thermal and ¯uid dynamic model for

downhole heat exchangers with a natural convection promoter, Int. J. Heat Mass Transfer 40(18) (1997) 4461±4472;
A. Carotenuto, C. Casarosa, Modello a Parametri Concentrati dei Limiti Operativi di Impianti Geotermici a Pozzo
Unico. Parte I: Elementi Generali, 538Congresso Nazionale ATI, Firenze, vol. I, 1998, pp. 557±570). In this paper,

the model is completely developed for natural convection plant in which the geothermal ¯uid ¯ow between aquifer
and well is provided only by the temperature drop occurring in the heat exchanger. The model is applied to this
type of plant taking into consideration, whether: (i) a natural convection promoter is present and (ii) downhole heat
exchangers or geothermal convectors (GTCs) are used. In particular, for GTCs, the model is successfully applied to

evaluate the experimental data obtained by the authors in previous experimental tests. 7 2000 Elsevier Science Ltd.
All rights reserved.

1. Introduction

Fundamentals of a lumped parameter model, devel-

oped to describe the interaction between aquifer and
well of a geothermal plant in which heat transfer
occurs only by natural convection, are reported in

[1,2]. In the present paper, the model is completely for-
mulated taking into account all the parts of the plant.
Infact, even though the model is simpli®ed by the
assumption of lumped parameters, it needs the entire

plant and particularly the heat exchanger to be com-
pletely characterized. Hence, in the present paper the

authors have studied natural convection plant dis-
tinguishing between plant with a downhole heat
exchanger (DHE) [3] and plant with a geothermal con-

vector (GTC) [4], i.e. a special geothermal application
of the two-phase thermosyphon. In particular, it con-
sists of a sealed vessel partially ®lled with a working

¯uid. At the bottom, the working ¯uid evaporates, the
vapour rises to the top where it condenses, and it
transfers heat ¯ow to the ¯uid of the user plant, then
the condensate returns by gravity to the evaporation

section.

International Journal of Heat and Mass Transfer 43 (2000) 2931±2948

0017-9310/00/$ - see front matter 7 2000 Elsevier Science Ltd. All rights reserved.

PII: S0017-9310(99 )00361-0

www.elsevier.com/locate/ijhmt

* Corresponding author.



Moreover, the model introduces a distinction

between plant with a single and double convection
loop. In the ®rst case, the geothermal ¯uid, circulating
between the aquifer and the well, crosses through the
heat exchanger inserted in the well; in the second case,

the plant has a device, known as the convection
promoter, that gives rise inside the well to a second
loop of natural convection to be added to the one

already established between aquifer and well [5].
Finally, dimensionless form of the model is used to
process and analyze the experimental results obtained

from the natural convection plant realised by the
authors.

2. General introduction to the model

In the lumped parameter model presented in [1,2],
the thermal and ¯uid dynamic ®elds induced between

the well and the geothermal aquifer, were modelled
through the short-circuit ratio s, for both, forced and
natural convection:

s � T1 ÿ Twi

T1 ÿ Two

�1�

where T1 is the geothermal ¯uid temperature in

unperturbed conditions and Twi and Two are the mean
inlet and outlet temperatures of the geothermal ¯uid in
the well, respectively. This parameter represents the

part of the mass ¯ow rate circulating between aquifer
and well that is short-circuited between the well slotted
casing outlet and inlet [1,2,6]. Consequently, the ¯uid

mean temperature at the slotted casing inlet is less
than that of the renewed geothermal ¯uid in unper-
turbed conditions, Twi < T1 [1,6]. From Eq. (1) the
heat ¯ow, _Q, of the plant as a function of the mass

¯ow rate of geothermal ¯uid circulating between well
and aquifer, _ma, can be evaluated as:

_Q � _maca�1ÿ s��T1 ÿ Two � �2�

where ca is the speci®c heat of the geothermal ¯uid.
Generally, the short-circuit ratio depends on many

variables, but one of the basic hypothesis of the pro-
posed model assumes that only the dependence on the
geothermal ¯uid ¯ow _ma is signi®cant. This hypothesis

Nomenclature

b coe�cient of s rational equation
c speci®c heat at constant pressure (kJ/kg

K)

k0, k1 circulation coe�cients (kW/K2)
m parameter de®ned by Eq. (14b)
N transfer unit number de®ned by Eq. (27)

n parameter de®ned by Eqs. (6a) and (6b)
U overall heat transfer coe�cient (kW/m2

K)

R thermal resistance of the adiabatic sec-
tion (K/kW)

R0, R1, R2 parameter de®ned by Eq. (39) (K/kW2;
K/kW3)

S heat exchanger surface (m2)
T temperature (K)

Greek symbols
g dimensionless heat capacity rate of the

cooling ¯uid in the user plant

e heat exchanger e�ectiveness
m coe�cient of s exponential equation
Z e�ectiveness of system de®ned by Eq. (4)

y dimensionless temperature di�erence
de®ned by Eq. (5)

l adiabatic section parameter de®ned by
Eq. (42a)

l0, l1, l2 adiabatic section parameters de®ned by
Eq. (42b)

x aquifer dimensionless heat capacity rate
de®ned by Eq. (3)

r circulation ratio de®ned by Eq. (13)

s short-circuit ratio de®ned by Eq. (1)
w dimensionless heat ¯ow de®ned by Eq.

(3)

o well mean temperature thermal weight-
ing parameter

Superscripts and subscripts

a mass transfer between aquifer and well
a1, a2 renewed geothermal ¯uid
con condenser

e external environment
ev evaporator
f geothermal ¯uid crossing through heat

exchanger
h heat exchanger
i inlet
max maximum

o outlet
th thermodynamic limit
u user plant cooling ¯uid

w geothermal ¯uid circulating between
aquifer and well

1 unperturbed geothermal ¯uid
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is veri®ed using numerical simulations of aquifer±well
system, moreover, for a natural convection plant

characterized by 0 < _ma < 4000 kg hÿ1, these simu-
lations have shown that s� _ma� function is well interp-
olated using both rational �s � b�ca _ma �n

1�b�ca _ma �n � or

exponential �s � 1ÿ exp�ÿm�ca _ma�n�� functions [1,2,6],
where the exponent n is in the range 1 < nR3 for the
rational function and 0 < nR3 for the exponential

function.
If the rational or exponential short-circuit function

is assigned, and the thermodynamic limit condition is

assumed to be the geothermal ¯uid cooled up to the
external environment temperature Te, then the heat
¯ow of the plant _Q, can show a maximum value for
speci®c values of the heat capacity rate �ca _ma), and the

short-circuit ratio s, both of which are completely
de®ned by the parameters characterizing the short-cir-
cuit function [6]. In order to render the model

equations in a dimensionless form, the maximum heat
¯ow, _Qmax, and the corresponding values of �ca _ma�max

and smax were used in Ref. [6] and the dimensionless

heat capacity rate, x, and the dimensionless heat ¯ow w
were introduced:8>>>><>>>>:
x � ca _ma

�ca _ma �max

w �
_Q

_Qmax

�3�

Moreover, the system e�ectiveness Z and the dimen-
sionless temperature di�erence y were also introduced:

Z � T1 ÿ Two

T1 ÿ Tui

�4�

y � T1 ÿ Tui

T1 ÿ Te

�5�

where Z is de®ned as the ratio between the temperature
drop of the renewed geothermal ¯uid and the operat-

ing temperature di�erence of the plant �Tui is mean
inlet cooling temperature, see Fig. 8), while y is de®ned
as the ratio between the aforesaid operating tempera-

ture di�erence and the maximum one available in the
system. The dimensionless forms for the rational and
exponential short circuit functions are, respectively:

s � xn

nÿ 1� xn
with n > 1 �6a�

s � 1ÿ exp

�
ÿ xn

n

�
�6b�

and for the dimensionless heat ¯ow we obtain:

w � 1ÿ s
1ÿ smax

Zyx �7�

where, for rational short circuit factor

smax � 1

n
�8a�

and for exponential short circuit factor

smax � 1ÿ exp� ÿ 1=n� �8b�

In natural convection plant, the ¯uid circulation is
induced by cooling of the geothermal ¯uid in the heat
exchanger inserted in the well: in particular, the ¯ow is

driven by the ¯uid density gradients and, therefore, it
is connected with the di�erence between the aquifer
¯uid temperature and the one inside the well. The

mass ¯ow rate of the circulating ¯uid between aquifer
and well and the one that crosses the heat exchanger
in the well, are not necessarily equal. This depends on

the presence of a convection promoter in the well [3,4].
The use of this device depends on the aquifer charac-
teristics. In particular, plant without a promoter can

be proposed for very thick aquifers in the order of
magnitude of 10 m as in the layout shown in Fig. 1(a).
Plant with a promoter can be proposed for aquifers of
contained thickness in the order of magnitude of

meters as in the layout shown in Fig. 1(b).
In the absence of a promoter, the above-mentioned

mass ¯ow rates of the ¯uid are equal (see Fig. 1a) and

the plant can be classi®ed as ``single convection loop
plant''. Whereas, in plant with a promoter installed in
the well, the circulating mass ¯ow rate in the heat

exchanger is generally di�erent from the one that cir-
culates between the aquifer and the well (see Fig. 1b),
and in this case, the plant is de®ned as ``double con-
vection loop plant''. In both these cases, the heat ca-

pacity rate of geothermal ¯uid circulating between the
aquifer and the well can be evaluated as:

ca _ma � k0�T1 ÿ Twm � �9�

Eq. (9) is obtained from the momentum balance in the
hypothesis of laminar ¯ow both, in the aquifer and the
well. The circulation coe�cient k0 takes into account

the dependence on geometrical and physical character-
istics of the aquifer and the well, whereas the tempera-
ture Twm is the mean weighted temperature inside the
well. This temperature can be expressed by a ``thermal

weighting'' parameter as linearly dependent on the well
inlet and outlet temperatures of the geothermal ¯uid:

Twm � Two � o�Twi ÿ Two � �10�

where o (lying in the range 0RoR1� is the above-
mentioned parameter that depends on the well charac-
teristics, the position and geometry of the heat ex-
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changer and, in particular, on the presence of a con-
vection promoter. From the de®nition (1) of the short

circuit ratio and from Eqs. (9) and (10), we obtain:

ca _ma �
�
1ÿ o�1ÿ s�

�
k0�T1 ÿ Two � �11�

and using Eq. (2) it is possible to obtain:

_Q �
�ca _ma �2

k0
1

1ÿ s
ÿ o

�12�

Eqs. (11) and (12) are fundamental for the analysis of
natural convection plants. In the case of plant without
a promoter, see Fig. 1(a), the mass ¯ow rate of

geothermal ¯uid circulating between the aquifer and
the well is the same crossing through the heat ex-
changer. Moreover, the parameter o depends on the

geometry of the system but can be considered indepen-
dent of the mass ¯ow rate of the circulating ¯uid.
When the heat exchanger is much shorter than the

aquifer thickness, it is reasonable to suppose a o value
close to 0 if the heat exchanger is placed at the top of
the well casing near the geothermal ¯uid inlet section.
On the contrary, o assumes a value close to 1, if the

heat exchanger is placed at the bottom of the well tube
near the ¯uid outlet section. If the heat exchanger has

a length comparable with that of the slotted section of
the tube casing, then an o value near to 1/2 can be

expected as is usual for heat exchangers with low tem-
perature di�erences between the inlet and outlet sec-
tion. With the hypothesis of o independent of the

mass ¯ow rate, single loop plant can be analyzed using
Eqs. (11) and (12). In order to complete the model, it
is necessary to add the relationship characterizing the

heat exchanger.
Eqs. (11) and (12) are not su�cient to describe the

convection phenomena for the double loop plant,

because the dependence of o on the mass ¯ow rate
cannot be neglected in the presence of the convection
promoter. For a layout as shown in Fig. 1(b), the mass
¯ow rate of the ¯uid circulating between aquifer and

well, _ma, and the ¯uid circulating inside the well-pro-
moter-heat exchanger system, _mf , are not the same; the
parameter o is a function of the ratio r de®ned as the

circulation ratio [1]:

r � _ma

_mf

�13�

Since, as shown in Fig. 2, two di�erent conditions can
be delineated, the ®rst in which _mf is greater than _ma

(low value of r� and the second in which, vice versa,
_ma is greater than _mf (high value of r), then the fol-
lowing dependence of o on r can be assumed:

Fig. 1. Layout of the natural convection for geothermal plant with only well. (a) Single loop convection without convection promo-

ter; (b) double loop convection with convection promoter.
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o � f�r� with

8>>>>>>>><>>>>>>>>:

o � 0 for 0Rr� 1

o � 1

2
for r � 1

o � 1 forr� 1

do
dr

r0 forr 6�1

�14a�

One of the possible functions with these properties is
the rational one, with a real positive exponent m:

o � rm

1� rm
�14b�

where the exponent is related to the mixing between
the renewed geothermal ¯uid from the aquifer and the
circulating ¯uid into the well; low values of m are typi-

cal of e�cient mixing, vice versa, high values charac-
terize weak mixing. Some experimental temperature
trends in the well suggested weak mixing occurs, show-

ing that the in¯uence of the renewed geothermal ¯uid
can be felt exclusively in the ®nal part of the slotted
section of the tube casing [4,9]. Therefore in similar

conditions, high value of m are to be expected, at a
®rst approximation a discontinuous ``step'' function
can also be accepted for the properties de®ned by Eq.
(14a) (zero values for r < 1, unitary values for r > 1

and values equal to 1/2 for r � 1).
As regards the heat capacity rate of the geothermal

¯uid circulating in the convection promoter and cross-

ing through the heat exchanger, in the hypothesis of
laminar ¯ow, it is possible to obtain an equation simi-
lar to (9), as a function of the di�erence between the

mean temperatures of the warm and cold ¯uid circulat-
ing in the promoter. In order to avoid further compli-

cations of the lumped parameters model, these
temperatures can be considered as equal to the inlet

Thi and outlet Tho temperatures from the heat ex-
changer, thereby obtaining:

cf _mf � k1�Thi ÿ Tho � �15�

The circulation coe�cient k1 takes into account the
dependence on geometrical characteristic of the well,
type of heat exchanger and presence of natural convec-

tion promoter.
Then, the energy balance furnishes:

_Q � cf _mf �Thi ÿ Tho � �16�
and ®nally:

_Q � �cf _mf �2
k1

�17�

For a double convection loop plant Eqs. (11) and (12)
have to be completed with Eqs. (15) and (17) using the

functional link de®ned in Eq. (14a). We must then add
to these equations the ones relating to the type of heat
exchanger, as reported for the single convection loop

and the forced convection plant.
To generalize the problem, it is useful to give dimen-

sionless form of the natural convection plant equations
dimensionless. It is evident that the heat capacity rate

of natural geothermal ¯uid circulating between aquifer
and well, for the maximum temperature di�erence of
the plant, presents a thermodynamic limit equal to:

�ca _ma �th� k0�T1 ÿ Te ��)xth �
�ca _ma �th
�ca _ma �max

�18�

Fig. 2. Sketch of the ¯uid dynamic ®eld for double loop natural convection. (a) Circulation ratio rR1; (b) circulation ratio rr1:
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The dimensionless value xth, is always positive, and can
be lesser or greater than 1, but however, it represents

the upper bound of the allowable interval of the
dimensionless heat capacity rate x: By substituting in
Eq. (11), the parameters de®ned in Eqs. (4) and (5),

and by considering Eqs. (3) and (18), we can easily
obtain:

x � xth �
�
1ÿ o�1ÿ s�

�
Zy �19�

and, ®nally, using Eq. (12) we will have obtained the
dimensionless heat ¯ow:

w � �1ÿ s�
ÿ
x2=xth

�
�1ÿ smax �

�
1ÿ o�1ÿ s�

� �20�

Although s�x� is an assigned function, Eqs. (19) and
(20) are not su�cient to complete the lumped par-
ameter model of the plant, even in the case of the

single convection loop model in which o is a constant.
In fact, Eq. (19) can furnish the function x�y�, and,
therefore w�x�y��, only when both the e�ectiveness Z
and the function s�x� are known. Generally, Z is a

function of x by means of the short circuit ratio and of
several more parameters characterizing the heat
exchanger performances. A detailed analysis of the

heat exchangers is therefore absolutely necessary. We
can note, ®nally, that even if o is a parameter as in
the single convection loop, the dimensionless heat ¯ow

w given by Eq. (20) does not necessarily increase for
o41, because x is a decreasing function of o, as
shown in Eq. (19).

For double loop plant, where o is a function of the
circulation ratio r, Eq. (20) is coupled to Eq. (17), re-
arranged in a dimensionless form:

w �
ÿ
x2=xth

�
�1ÿ smax ��k1=k0 �r2 �21�

From Eqs. (20) and (21) the following is obtained:

k1
k0

r2 � o�r� � 1

1ÿ s�x� �22�

This non linear equation furnishes the function r�x�
[2].
To complete the natural convection model and then

to evaluate the heat ¯ow function w�y�, the model is
simpli®ed by introducing the hypothesis of negligible
heat losses in the well and the heat exchanger plant.

This hypothesis could be removed producing a model
with unchanged outline, but still further complicated.
Moreover, on the basis of the experimental results

[4,9], the aforesaid hypothesis is quite plausible. Conse-
quently, the geothermal heat ¯ow is wholly transferred
to the user cooling ¯uid:

_Q � cu _mu�Tuo ÿ Tui � �23�
where Tuo is its mean outlet cooling temperatures (see
Fig. 8).
Furthermore, the distinction between single and

double loop convection was introduced. In single con-
vection plant, the whole mass ¯ow rate of geothermal
¯uid, circulating between aquifer and well, crosses

through the heat exchanger placed in the well (a tra-
ditional heat exchanger for DHE plant or a two-phase
thermosyphon evaporator for GTC plant). Due to the

assumption of negligible heat losses, geothermal ¯uid
temperatures at the heat exchanger inlet, Thi, and out-
let, Tho, are equal to those at the well inlet, Twi, and

outlet, Two:8<: _mf � _ma�)cf _mf � ca _ma

Thi � Twi

Tho � Two

�24�

As clearly stated above and already shown in Fig. 2,
for double loop convection plant the geothermal ¯uid

¯ow circulating between aquifer and well is not the
same as that crossing through the heat exchanger
placed in the well. In this case, on the basis of a

lumped parameter model, under the hypothesis of con-
stant speci®c heat, i.e. ca � cf , and assuming an adia-
batic mixing between the mass ¯ow crossing through
promoter and heat exchanger and the mass ¯ow from

the aquifer into the well, the following relationships
can be written:

for r R1

�
Tho � Two

Thi � rTwi � �1ÿ r�Two
�25a�

for rr1

�
Thi � Twi

Tho � rTwo ÿ �rÿ 1�Twi
�25b�

In any case, to close the natural convection model it is

necessary not only to distinguish between single and
double loop convection, but also to evaluate the sys-
tem e�ectiveness Z depending on the type of heat

exchanger and the mass ¯ow rate of the user ¯uid.
Thus, two types of plant are separately analyzed: (i)
the general case of a usual heat exchanger placed

inside the well (DHE) and (ii) the particular case of a
two-phase thermosyphon with the evaporator inside
the well and condenser at ground level (GTC).

3. Down-hole heat exchanger (DHE)

DHE plant exchange apparatus is a heat exchanger

placed inside the well transferring the heat ¯ow
between the geothermal ¯uid, on one side, and the user
¯uid on the other. Sometimes the heat exchanger is a
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tube coil and can be roughly studied as a counter-¯ow
heat exchanger. However, the heat exchanger is usually

a U tube [3,5] or even a U tube bundle that can be
studied as a shell and tube exchanger with one passage
of the geothermal ¯uid, on the shell side, and two or

more passages of the cooling user ¯uid inside the
tubes. To evaluate heat exchanger performance, the
e�ectiveness e can be introduced and two di�erent

cases can be taken into consideration as follows [7]:8>>><>>>:
e � Thi ÿ Tho

Thi ÿ Tui

for cf _mfRcu _mu

e� � Tuo ÿ Tui

Thi ÿ Tui

for cf _mfrcu _mu

�26a�

Taking into account the energy balance of the heat

exchanger, we obtain:

e� � cf _mf

cu _mu

e �26b�

The e�ectiveness is usually formulated as a function of
dimensionless parameters [7]; in particular, it is useful
to express heat exchanger e�ectiveness by means of the

following parameters:8>>><>>>:
N � US

�ca _ma �max

g � cu _mu

�ca _ma �max

�27�

where N is the number of transfer units, g the dimen-

sionless heat capacity rate of the cooling ¯uid, S the
heat exchanger surface and U the overall heat transfer
coe�cient. N and g can be considered as parameters of

the model even if the overall heat transfer coe�cient U
certainly depends on convective heat transfer and,
therefore, is a function of the mass ¯ow rates _mf and
_mu: However, taking the functional link N�x, g� into
consideration only introduces a further complication
but does not invalidate the model. Once the heat
exchanger e�ectiveness is completely determined, the

system e�ectiveness can also be calculated. It is how-
ever necessary to proceed distinctly for single and
double loop convection.

3.1. DHE without convection promoter

In this case, Eq. (24) have to be applied and the
e�ectiveness depending on the arrangement of the heat
exchanger, is assigned as a known function of the type:8><>:
e � f�N, g, x�

e� � x
g
e

�28�

When the tube coil is assumed to be a counter-¯ow
heat exchanger, the e�ectiveness e is [7]:

e � 1ÿ exp
�
ÿN

ÿ
xÿ1 ÿ gÿ1

��
1ÿ x

g
exp

�
ÿN

ÿ
xÿ1 ÿ gÿ1

�� �29a�

In literature, the former equation is used only when
x < g, but in this instance, since:

e � N

N� g
for x4g �29b�

it has to be considered consistent for every positive

value of x, so that e� can also be determined by means
of Eq. (28).
Furthermore, in the case of DHE plant with a shell

and tube heat exchanger, we have [7]:

e � 2 �

8>>><>>>:1�
x
g
�

���������������������
1�

�
x
g

�2
s

�
1� exp

�
ÿ �N=x�

���������������������
1� �x=g�2

q �
1ÿ exp

�
ÿ �N=x�

���������������������
1� �x=g�2

q �
9>>>=>>>;
ÿ1

�30�

Eqs. (1), (2), (4), (23) and (28), together with the
boundary conditions (24), furnish a system of eight

equations. This system is linear for the unknown quan-
tities Two, Twi, Tho, Thi, Tuo, cf _mf , Z and _Q; these can
be determined, for each mass ¯ow rate ®eld, as func-
tions of (i) the temperature Tui and T1; (ii) the heat

capacity rates ca _ma and cu _mu and (iii) the parameters
�ca _ma�max, N, s and e: The system e�ectiveness for xe0
is:

Z � e�N, g, x�
1ÿ s�n, x��1ÿ e�N, g, x�� �31�

Eq. (31) highlights the dependence of s and e on the

other characteristic parameters of the plant. Clearly,
for e�x�, this means function (29a) or (30), extended to
the positive real values of the variable x: However, we
want to underline that, for natural convection, the

variable x is not an independent variable, but, as can
be seen from Eq. (19), is a function of the operating
temperature di�erence in the plant and it cannot

assume values greater than the thermodynamic limit
de®ned in Eq. (18), i.e. xth:
In order to evaluate plant performance, once Eq.

(31) has been obtained, one is left only to set up a sys-
tem with Eqs. (19) and (20). In these, the weighting
parameter o has to be considered as being known,
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since the characteristics of the well, the geometry and
the position of the heat exchanger are given. The sys-

tem contains the non-linear equation (19), usually with
a transcendental solution x�y� that, introduced into Eq.
(20), closes the problem. An easy alternative procedure

is to use x as an intermediate variable substituting Eq.
(31) in (19), and then, for values of x 2 �0, xth�, to solve
the parametric equations explicitly:8>>>><>>>>:
y � x

xth

� s�x� �
��1ÿ s�x��=e�x��

1ÿ o � �1ÿ s�x��

w � �1ÿ s�x��
ÿ
x2=xth

�
�1ÿ smax �

�
1ÿ o�1ÿ s�x���

�32�

Obviously, the intermediate variable x can be removed

by placing values of w�x� in tables or graphs, for each
value of x, as a function of y�x� 2 �0, 1�: In terms of
dimensionless parameters, the solution obtained gives

x�y� and w�y�, as well as, obviously, s�y� and e�y�, as
functions of (i) the short-circuit function exponent n,
(ii) the number of transfer units N, referred to the heat
capacity rate arising from the maximum heat ¯ow, (iii)

the cooling ¯uid dimensionless heat capacity rate
g, (iv) the well temperature weighting parameter o,
and (v) the thermodynamic limit of the heat capacity

rate xth:
The non-linear equations of the model are not suit-

able for an analytical study of the solution, and in this

paper it is not the case to present an extensive numeri-
cal study of the in¯uence of the ®ve parameters on the
solution. Figs. 3±5 show some results obtained by
means of the proposed model for a DHE plant with

shell and tube heat exchanger with N � 4, and using a
rational type of short-circuit function, with n � 3, see
Eq. (6a). The values chosen for n and N take into

account the analysis of related experimental results
analysis (see Section 4.2). The high value of N depends
on its di�erent de®nition (see Eq. (27)) with respect to

the standard [7] and in particular, on low values of the
�ca _ma�max as estimated for a natural convection plant
[9]. In relation to the cases shown in Fig. 3, for g � 1

and o � 0, it is possible to observe that as xth

increases, the maximum values of heat ¯ow can move
for temperature di�erences lower than the thermodyn-
amic limit, i.e. for y < 1: This observation is still valid

for the dimensionless user mass ¯ow rate, i.e. g,
increasing when both, the thermodynamic limit xth and
the weighting parameter o are assumed constant, as

shown in Fig. 4 for xth � 3 and o � 0: Moreover, it is
easy to see that the maximum values of the dimension-
less heat ¯ow depend on xth, but are not g-dependent.
The dependence of w on o is more complicated as
shown by Fig. 5, which is obtained keeping constant
both the dimensionless user mass ¯ow rate and the

Fig. 4. Dimensionless heat ¯ow w vs. the dimensionless heat

capacity rate of the cooling ¯uid g for a DHE without convec-

tion promoter.

Fig. 5. Dimensionless heat ¯ow w vs. the weighting parameter

o for a DHE without convection promoter.

Fig. 3. In¯uence on the dimensionless heat ¯ow w of the ther-

modynamic limit of the dimensionless heat capacity rate xth

for a DHE without convection promoter.
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thermodynamic limit of heat capacity rate, i.e. g � 1,
and xth � 3: When the weighting parameter o rises, the

maximum value of w increases and moves towards
higher values of y, to disappear completely for values
of o close to unity, in particular, for or0:8 in the

case examined.

3.2. DHE with convection promoter

In this type of plant, the mass ¯ow rate of geother-
mal ¯uid _mf , crossing through the heat exchanger, is
not the same circulating between aquifer and well, _ma:
Consequently, the model requires the circulation ratio

r to be introduced in addition to the dimensionless
heat capacity rate x: Assuming the speci®c heat of the
geothermal ¯uid as constant, ca � cf , and using the

dimensionless parameters de®ned by Eq. (27), the heat
exchanger e�ectiveness is a function of the type:8><>:
e � f�N, g, r, x�

e� � x
gr

e
�33�

that, for the counter-¯ow heat exchanger,

e � 1ÿ exp
�ÿN�r=xÿ 1=g��

1ÿ �x=�rg�� � exp
�ÿN�r=xÿ 1=g�� �34�

and for the shell and tube heat exchanger:

e � 2 �

8>>><>>>:1�
�

x
gr

�
�

�����������������������
1�

�
x
gr

�2
s

�
1� exp

�
ÿ �Nr=x�

����������������������������
1� ÿx=�gr��2q �

1ÿ exp

�
ÿ �Nr=x�

����������������������������
1� ÿx=�gr��2q �

9>>>=>>>;
ÿ1

�35�

Both these equations have to be extended to values of
x=rrg: The heat exchanger e�ectiveness equation (33),

(34) or (35), complete the model fundamental
equations, to which has to be added the functional
link between the weighting parameter o and circula-
tion ratio r, as for instance occurs in Eq. (14b).

In this way, we have a non linear system of 13
equations with the same number of unknown quan-
tities Two, Twi, Tho, Thi, Tuo, ca _ma, cf _mf , r, s, e, o, Z
and _Q, which can be determined as functions of (i) the
temperatures Tui and T1, (ii) the heat capacity rate
cu _mu, (iii) the parameters �ca _ma�max, n, N, k0, k1 and m

in case of Eq. (14b).
It is worthwhile to notice that, since there are two

di�erent ranges of validity for conditions (25a) and

(25b), it is also necessary in the solution to distinguish
two intervals for the circulation ratio r: In particular,

the system e�ectiveness Z, concerning the geothermal
aquifer, well and heat exchanger, proves to be:8>>>><>>>>:
Z � e�x�

e�x� � r�x� � �1ÿ s�x�� � �1ÿ e�x�� for rR1

Z � e�x�
s�x� � e�x� � r�x� � �1ÿ s�x�� for rr1

�36�

These relationships contain the parameters s, r and e,
that are functions of the unknown x: In order to ®nd

the solution w�y�, it is useful to choose x as an inter-
mediate variable, as it was already done for a single
convection loop. Once the short-circuit function s�x� is
assigned by means of Eq. (6a) or (6b), whereas func-
tion o�r� is assigned by means of Eq. (14b), then the
solution can be found starting from Eq. (22). This
non-linear equation solved as r for every assigned

value of x, gives r�x�: Therefore, the circulation ratio r
is now known for every value of the dimensionless
heat capacity rate x, and consequently, the heat

exchanger e�ectiveness e can be obtained from Eq.
(33), or in particular from Eq. (34) or (35).
At this stage, substituting Eq. (36) in the dimension-

less (19), two equations are obtained in the following
form:8>>>><>>>>:
y � x

xth

� e�x� � r�x� � �1ÿ s�x�� � �1ÿ e�x��
e�x� � �1ÿ o

ÿ
r�x�� � �1ÿ s�x��� for rR1

y � x
xth

� s�x� � e�x� � r�x� � �1ÿ s�x��
e�x� � �1ÿ o

ÿ
r�x�� � �1ÿ s�x��� for rr1

�37�

So, it is easy to determine the dimensionless operating
temperature di�erence y�x� but remarking the only
values of x 2 �0, xth� for which y�x�E1 are meaningful.

For every dimensionless ¯ow thermal capacity x, it is
then possible to evaluate w from Eq. (20), thereby
making the two functions y�x� and w�x�, available.

Finally, by eliminating the intermediate variable x, e.g.
by means of tables or graphs, the solution w�y� can be
obtained. To conclude for double loop convection
plant, the dimensionless solution furnishes the func-

tions x�y� and w�y�, as well as s�y� and e�y�, in relation
to (i) the short-circuit exponent n, (ii) the number of
transfer units of the heat exchanger N, (iii) the dimen-

sionless heat capacity rate of the cooling ¯uid g, (iv)
the thermodynamic limit xth and the exponent m, if
Eq. (14b) is used as the weighting function o of the

well temperature.
As was done for plant without a convection promo-

ter, no parametric analysis of the solution is presented
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here, but the paper only gives the results obtained for
some assigned set of model parameters, which were
chosen taking into account experimental results analy-
sis (see Section 4.2), in particular, the case of (i) a

rational short-circuit function with exponent n � 3, (ii)
a shell and tube DHE with N � 4 transfer units, (iii) a
convection promoter with an exponent m � 5 of the

weighting parameter o and (iv) a circulation coe�cient
ratio k0=k1 � 2: Fig. 6 shows, for xth � 3, that the
maximum values of the dimensionless heat ¯ow are

not g-dependent, that is, qualitatively in agreement
with single loop convection results (see Fig. 4). A com-
parison between single and double loop convection is
shown in Fig. 7, under the same aforesaid operating

conditions, assuming g � 3, and assigning two di�erent
values to the weighting parameter o in the case of
plant without a convection promoter. It is interesting

to see that the convection promoter can improve per-
formance of single loop convection plant, especially in
the case of low values of the parameter o: this

improvement seems to be due to the in¯uence of the
weighting parameter o, that in double loop convection

varies, as y increases, according to Eq. (14b).

4. Geothermal convector (GTC)

A geothermal convector (GTC) is a special appli-
cation of the two-phase thermosyphon, with the evap-

orator placed in the well and the condenser at the
ground level, and it can be considered as a particular
type of DHE [4]. It was assumed, as shown in the

sketch in Fig. 8, that the evaporator and the condenser
operate in saturated conditions at di�erent pressures
and temperatures, so that, the two e�ectivenesses, one
for the evaporator eev, and the other for the condenser

econ, and a thermal resistance R of the adiabatic section
connecting the evaporator and condenser can be
de®ned as [4]:

eev � Thi ÿ Tho

Thi ÿ T �ev

; econ � Tuo ÿ Tui

T �con ÿ Tui

;

R � T �ev ÿ T �con

_Q

�38�

where T �ev and T �con are the mean evaporator and con-

denser temperatures, respectively.
The thermal resistance R is caused by the pressure

di�erence between the evaporator and the condenser,

depending on their di�erence in height, and on the
heat ¯ow Q transferred by the thermosyphon [1].

Fig. 6. Dimensionless heat ¯ow w vs. the dimensionless heat

capacity rate of the cooling ¯uid g for a DHE with convection

promoter.

Fig. 7. Comparison between DHE with and without convec-

tion promoter vs. the weighting parameter o: Fig. 8. Two-phase thermosyphon layout.
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When the pipes connecting the evaporator to the con-
denser are highly thermally insulated, R can be con-

sidered as being approximately constant; but if vapour
condensation is allowed inside the connecting pipes, an
annular two-phase ¯ow really occurs and R becomes a

function of the heat ¯ow, since the later is pro-
portional to the mass ¯ow rate of the working ¯uid,
i.e. of the ¯uid circulating in the two-phase thermosy-

phon. In this case, a possible dependence, suggested by
®tting the experimental data [8], is:

R � R0 � R1
_Q� R2

_Q
2 �39�

Assuming a phase change of the working ¯uid in satu-
rated conditions at the evaporator and condenser with-
out superheating in the vapour phase or subcooling in

the liquid phase, the two e�ectivenesses are:8>>>><>>>>:
eev � 1ÿ exp

�
ÿ UevSev

cf _mf

�
econ � 1ÿ exp

�
UconScon

cu _mu

� �40�

This hypothesis is consistent with two-phase thermosy-
phon model, moreover, the e�ect of the vapour super-
heating and liquid subcooling can be considered by

decreasing the heat exchanger surfaces.
In order to formulate these relationships in dimen-

sionless form as for DHEs, it is convenient to de®ne
the transfer unit number Nev and Ncon of the evapor-

ator and the condenser, respectively:8>>><>>>:
Nev � UevSev

�ca _ma �max

Ncon � UconScon

�ca _ma �max

�41�

Nev and Ncon, for the sake of simplicity, can be con-
sidered as two parameters, even though the overall
heat transfer coe�cients Uev and Ucon are functions of

the mass ¯ow rates _mf and _ma, respectively. However,
the possible functional relations could be well taken
into account introducing only a further complication
in the model. For the adiabatic section, a dimension-

less parameter l, generally function of the dimension-
less heat capacity rate x, can be used

l�x� � R � �ca _ma �max �42a�
In fact, introducing into Eq. (39) the dimensionless

heat ¯ow w, which from Eq. (20) is a function of x, the
former Eq. (39) becomes:

l�x� � l0 � l1w�x� � l2w2�x� �42b�
Once the two-phase thermosyphon performance is
completely modelled, it is possible to carry on introdu-

cing single and double loop convection, as was done
for the DHE.

4.1. GTC without convection promoter

Under conditions (24) and using the aforesaid

dimensionless quantities, the e�ectivenesses de®ned by
Eq. (40) become:

eev � 1ÿ exp� ÿNev=x�;

econ � 1ÿ exp� ÿNcon=g�
�43�

These two relationships together, with the one identify-
ing function l�x� and with the other equations of the
model, supply a system of 15 equations for the

unknowns Two, Twi, Tho, Thi, T �ev, T �con, Tuo, ca _ma,
cf _mf , s, eev, econ, l, Z and _Q:
Even though some equations of the system are non-

linear, it is possible to determine the 15 unknowns as
functions of (i) the temperatures Tui and T1, (ii) the
heat capacity rate cu _mu, and (iii) the parameters

�ca _ma�max, n, Uev, Sev, Ucon, Scon, R0, R1, R2, k0 and o:
It has to be remembered that the last parameter o, in
a single convection loop, is assumed to be independent
of the circulating heat capacity rate. In particular, the

system e�ectiveness Z can be found as follows:

Z �
�
s�x� � �1ÿ s�x�� �

�
1

1ÿ exp� ÿNev=x�

� xl�x� � x=g
1ÿ exp� ÿNcon=g�

��ÿ1
�44�

In Eq. (44), it is emphasized that both, the short-circuit
ratio s and the dimensionless thermal resistance of the

adiabatic section l depend on the dimensionless heat
capacity rate x, which is also unknown. As in the pre-
vious case of a DHE, plant performance is given

through the system of Eqs. (44), (19) and (20). Once
Eq. (44) is substituted in Eq. (19), it is possible to
choose x as an intermediate variable, and conse-

quently, to obtain:

8>>>>>><>>>>>>:
y � x

xth

�
s�x� � �1ÿ s�x�� �

�
1

1ÿ exp� ÿNev=x� � xl�x� � x=g
1ÿ exp� ÿNcon=g�

�
1ÿ o � �1ÿ s�x��

w � �1ÿ s�x��
ÿ
x2=xth

�
�1ÿ smax �

�
1ÿ o�1ÿ s�x���

�45�
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As for the DHE, removing the intermediate variable x,
the functions x�y�, w�y�, and obviously s�y�, eev�y�, l�y�
too, are obtained as functions of (i) the short-circuit

exponent n, (ii) the two-phase thermosyphon par-
ameters Nev, Ncon and l0, l1, and l2, (iii) the cooling
¯uid dimensionless heat capacity rate g, (iv) the well

temperature weighting parameter o, and (v) the ther-
modynamic limit of heat capacity rate xth:
By applying the aforesaid procedure, some particular

cases of GTCs without a convection promoter and for

a rational short-circuit function, were investigated. The
results con®rm the ones obtained for the single loop
DHE, even if only for the cases examined; the heat

¯ow can exhibit maximum values for dimensionless
temperature di�erences yR1: For a rational short-cir-
cuit function with exponent n � 3, Figs. 9 and 10 show

the case of a GTC without the convection promoter

with the following parameter values xth � 3, o � 0:5
and g � 3; the reported results were obtained varying

Ncon and the dimensionless adiabatic section resistance
l, assumed as a parameter independent of heat ¯ow.
In particular, examining the maximum points of

curves concerning the dimensionless heat ¯ow w, it is
remarkable that only the abscissa, but not the ordi-
nate, depends on the values of the aforesaid par-

ameters Ncon and l: This remark can be a matter of
some importance in GTC plant operation. In fact,
when non-condensable gases are present inside the con-

denser, the e�ective condensation surface and the over-
all heat transfer coe�cient are considerably reduced,
consequently, Ncon also decreases. Furthermore, if the
ascending vapour is condensed inside the adiabatic sec-

tion, because of an insu�cient thermal insulation of
the connecting pipes, then the thermal resistance of the
adiabatic section R and the corresponding parameter l
can be largely increased [8]. Nevertheless, in both
cases, the maximum heat ¯ow could be again achieved,
but larger operating temperature di�erences would be

necessary.

4.2. GTCs with convection promoter

This case is analogous to a DHE with convection
promoter, and besides the dimensionless heat capacity
rate x, it is necessary to introduce again the circulation

ratio r: Assuming that the speci®c heat of the geother-
mal ¯uid is constant, ca � cf , the e�ectivenesses of the
GTC evaporator and condenser are:

eev � 1ÿ exp

�
ÿ Nevr

x

�
;

econ � 1ÿ exp

�
ÿ Ncon

g

� �46�

The two e�ectiveness equations and the parameter of

the adiabatic section l are included in the model,
which for double convection loop is completed by the
functional link between the parameter o and r (for

instance Eq. (14b)) and ®nally by Eq. (22). The
equations are 17 in total, some of which are non-lin-
ear, and the number of unknowns is the same: Two,
Twi, Tho, Thi, T

�
ev, T

�
con, Tuo, ca _ma, cf _mf , r, s, o, eev,

econ, l, Z and _Q: These quantities can be evaluated as
functions of (i) the temperatures Tui and T1, (ii) the
mass ¯ow rate cu _mu, and (iii) the others parameters

�ca _ma�max, n, Nev, Ncon, l0, l1, l2, k0, k1 and m, if a
function of the type (14b) is used. Naturally, since
there are two validity ranges for conditions (25a) and

(25b), it is necessary to make a distinction for the two
intervals of r, obtaining for the e�ciency of the sys-
tem:

Fig. 9. Dimensionless heat ¯ow w vs. the dimensionless tem-

perature di�erence y as Ncon varies for a GTC without a con-

vection promoter with xth � 3:

Fig. 10. Dimensionless heat ¯ow w vs. adiabatic section par-

ameter l for a GTC without a convection promoter with

xth � 3:
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Fig. 11. Dimensionless heat ¯ow w vs. dimensionless tempera-

ture di�erence y for a GTC with a convection promoter and

rational and exponential short circuit function s and for

exponent n � 3:

Z �
�
1� �1ÿ s�x�� � � r�x�

1ÿ exp� ÿNevr=x� ÿ r�x�

� xl�x� � x=g
1ÿ exp� ÿNcon=g�

��ÿ1
for rR1

Z �
�
s�x� � �1ÿ s�x�� � � r�x�

1ÿ exp� ÿNevr=x�

� xl�x� � x=g
1ÿ exp� ÿNcon=g�

��ÿ1
for rr1

�47�

Note that, for a circulation ratio r equal to unity,

these relationships produce Eq. (44) of a GTC without
convection promoter. Furthermore, Eq. (47) contains
the unknown quantities s, r, and l, and therefore, as
in the previous case, it is useful to refer again to the

dimensionless ¯ow rate x, as an intermediate variable.
Using Eqs. (6a) or (6b) for the short-circuit function
s�x� and Eq. (14b) for o�r�, the solution of the system

requires the non-linear equation (22) to be solved in re-
lation to r, for every assigned value of x: Once the
function r�x� is known, Eqs. (47) are introduced into

Eq. (19). Two equations are obtained, which can be
written in the form:

8>>>>>>>><>>>>>>>>:
y � x

xth

1� �1ÿ s�
�

r
1ÿ exp� ÿNevrx� ÿ r� xl� x=g

1ÿ exp� ÿNcon=g�
�

1ÿ o�1ÿ s� for rR1

y � x
xth

s� �1ÿ s�
�

r
1ÿ exp� ÿNevr=x� � xl� x=g

1ÿ exp� ÿNcon=g�
�

1ÿ o�1ÿ s� for rr1

�48�

Taking into consideration that the right-hand side,

depending on functions s�x�, r�x�, l�x� and o�r�x�� can
be calculated directly, only the dimensionless operating
temperature di�erence y�x� is left to be calculated

based on the condition that x 2 �0, xth� has to be such
that y�x�E1: To evaluate the heat ¯ow it is possible to
use Eq. (20), which gives the dimensionless parameter
w�x�: The two functions obtained, y�x� and w�x�, give

the solution w�y�, once the intermediate variable x is
eliminated. The elimination can be carried out by
means of tables or graphs as for DHEs. To conclude,

the solution is given by the dimensionless functions
x�y�, w�y�, s�y�, eev�y� and l�y�, depending on: (i) the
short-circuit exponent n, (ii) the transfer units of the

evaporator Nev and the condenser Ncon, (iii) the dimen-

sionless heat capacity rate of the cooling ¯uid g, (iv)
the thermodynamic limit of heat capacity rate xth, and

(v) the exponent m, whenever the parameter o is
assumed using Eq. (14b).
Analogous to the previous section (Section 3.1), only

some results obtained for GTCs with convection pro-
moters are given, taking into account the values
suggested by the experimental analysis for the par-

ameters (see Section 4.2). The cases examined are all

identi®ed by: (i) a thermodynamic limit xth � 3, (ii) an
exponent m � 5 of the function de®ning the parameter
o and (iii) an identical number of transfer units

�Nev � 4, Ncon � 4� of the evaporator and condenser.
For a GTC with a ratio of circulation coe�cients
k0=k1 � 2:5 and with a constant thermal resistance of
the adiabatic section l � 0:1, Fig. 11 compares the

results obtained for short-circuit rational and exponen-
tial functions with equal short-circuit exponent n � 3,
as g varies. It is clear how, under the same conditions,

the exponential function facilitates the existence of
maximum values of the heat ¯ow for yR1: Concerning
the weight of the other parameters, the results are

qualitatively similar to those obtained from the analy-
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sis of the GTC without a convection promoter and the
DHE with a convection promoter.

The authors also examined the case of a GTC with
a rational short-circuit function with exponent n � 3, a
circulation coe�cient ratio k0=k1 � 3, a dimensionless

heat capacity rate of cooling ¯uid g � 3, but with a
function l�x� for the adiabatic section as in Eq. (42b).
In order to obtain a signi®cant comparison, some

e�ort was made to keep the value of l approximately
equal to 0.1, when the dimensionless heat ¯ow w
reached the maximum. In relation to this, Fig. 12

shows the in¯uence of l on w, highlighting how the
further non-linearity introduced into the model
deforms the curve obtained for l � 0:1; in particular,
its ascending branch is in¯ected for low values of the

dimensionless temperature di�erence y:

5. Application of the model to an experimental GTC

prototype

The model presented above was specially developed

to provide an analytical frame for the experimental
results obtained by a GTC prototype, with promoter,
installed at a geothermal aquifer on the island of

Ischia, Italy. The experiments were carried out over a
long period of time (1989±1994) and are presented in
[9]. Hence, only the information that is useful to follow
how the model can be applied, is reported in the

present paper.

5.1. Experimental apparatus

The working ¯uid of the GTC used for the exper-
imental tests was the refrigerant R11, and the GTC

components are described in detail in [4,9]. In particu-

lar, the evaporator (Fig. 13(4)) comprised 94 AISI-316
tubes with an external diameter 16 mm, a length 2.8
m, and with a resulting surface area 13.23 m2. A high

density polyethylene duct 6.16 m long with an external
diameter 280 mm was used as convection promoter
(Fig. 13(3)). The evaporator and the condenser, were

connected by three ¯exible Te¯on pipes (17 m long)
with a metal braid reinforcement (Fig. 13(5)). In par-

ticular, two pipes with 35 mm internal diameter were
used for the vapour ¯ow, whereas for the condensate
return only the one with a 16.3 mm internal diameter

was used. The condenser was a common shell-and-tube
heat exchanger with an overall exchange surface 6.15
m2 (Fig. 13(6)). At the top of the condenser, two tanks

with an overall volume 0.03 m3 were installed to gather
the non-condensable gases, usually dissolved in the

working ¯uid and always released during device oper-
ation.
The equipment used for the GTC experimentation

comprised an auxiliary apparatus and the measurement
instrumentation, see Fig. 13 [9].

The cooling circuit (Fig. 13(7)) dispersed the thermal
energy withdrawn from the aquifer by means of a
forced draft cooling tower (Fig. 13(16)), thereby simu-

lating thermal usage. Each test was carried out keeping
constant the input temperature Tui, and the mass ¯ow
rate _mu, of the cooling water; its temperature at the

condenser inlet was automatically regulated
(Fig. 13(14), (15)), while the ¯ow regulation was car-

ried out manually by means of ¯ow control micro-
metric valves (Fig. 13(12)). The cooling circuit was
completed by some cut-o� (Fig. 13(10)) and bleed

valves (Fig. 13(13)) and one automatic vent
(Fig. 13(9)).

The measurement instrumentation was installed
partly in the cooling circuit and partly in the GTC. In
particular, the following were included in the circuit

(see Fig. 13): (i) a variable area ¯owmeter to measure
the volumetric ¯ow of the cooling water (Fig. 13(11));
(ii) two T-type thermocouples to measure the tempera-

tures of the cooling water at the condenser input Tui

and output Tuo, respectively; (iii) a heat ¯ow integrator

to measure the total amount of heat exchanged at the
condenser during long tests in order to check the two
aforesaid instant measurements of the cooling mass

¯ow and the temperature di�erence (Fig. 13(18)).
The GTC instrumentation comprised some T-type

thermocouples to measure the temperature of the

working ¯uid (R11) and the geothermal ¯uid. As
regards the working ¯uid temperature: (i) for the con-

denser, two thermocouples measured the saturated
vapour temperature at the condenser inlet and in the
middle of the tube bank; a third thermocouple

measured the condensate temperature at the condenser
outlet; (ii) for the evaporator, two thermocouples

Fig. 12. Dimensionless heat ¯ow w vs. dimensionless tempera-

ture di�erence y for a GTC with a convection promoter for

di�erent degrees of non-linear thermal resistance of the adia-

batic section.
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measured the temperatures of the outlet vapour and of
the inlet returning ¯uid; another thermocouple

measured the ¯uid temperature inside the central evap-
orator tube at about half the length of the tube.
As regards the geothermal ¯uid, the temperatures

Thi, Tho, at the inlet and outlet of the evaporator, re-
spectively, were measured by means of two thermo-
couples Ð the ®rst placed at the top of the promoter,

and the second placed within the promoter below the
evaporator. Furthermore, it was possible to measure
the geothermal ¯uid temperature along the annulus

between the well casing and the promoter using a
multi-point thermometer, i.e. four T-type thermo-
couples spaced out at 1.8 m intervals. By means of a
wire and a return pulley, the multi-point thermometer

can be moved along the well measuring the geothermal
¯uid temperature at various levels inside the annulus.
Each thermocouple of the measurement apparatus

was connected to a data acquisition system, comprising
a multi-channels programmable digital thermometer
which recorded the measured values on a hard disk.

5.2. Analysis of the experimental results

The need for a model of the GTC system clearly
arose during the tests: many of the experiments, show-

ing unexpected plant behavior, were repeated in the

attempt to attribute the experimental results to the

phenomena that subsequently proved to be of only low

in¯uence. The experimental data showed that the heat

¯ow is usually not proportional to the temperature

di�erence between the unperturbed aquifer and the

cooling water at the condenser inlet, but it reaches a

maximum that does not entirely depend on the inlet

temperature and the mass ¯ow rate of the cooling

water. The heat ¯ow is a constantly rising function of

the plant operating temperature di�erence only for low

values of the mass ¯ow rate of the cooling water. The

details of the experimental data are reported in [9].

The application of the model to the analysis of the

experimental data requires 14 parameters to be evalu-

ated, most of which were not measured during the ex-

periments. In fact, while the inlet temperature and

mass ¯ow rate of the cooling water, the temperature of

the environment and of the unperturbed aquifer are

measured parameters, n and m (in the case of type

(14b) functions), �ca _ma�max, xth, the ratio k1=k0, and

eventually, Nev, Ncon, R0, R1, R2, are estimated in an

indirect way as follows. The 10 parameters can be

classi®ed as follows: (i) parameters characterizing the

aquifer and the well-promoter system, (ii) parameters

identifying the heat exchangers and the operating plant

Fig. 13. Ischia plant layout: (1) geothermal aquifer, (2) well, (3) natural convection promoter, (4) GTC evaporator, (5) GTC adia-

batic section, (6) GTC condenser, (7) cooling water circuit, (8) circulating pumps, (9) automatic air vent, (10) cut-o� valves, (11)

area variable ¯owmeter, (12) ¯ow control valves, (13) check valves, (14) thermostat, (15) three-way valve, (16) cooling tower, (17)

water tank, (18) calorimetric ¯owmeter.
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conditions. According to the model presented here, the

former have to be considered independent of the latter,
that is independent of the operating conditions. On
account of this hypothesis, the measurements had to

be carried out in steady state conditions. During the
experiments, a strict steady state was not always poss-
ible because the transient in the heat exchangers and

the well-aquifer system had very di�erent response
times (from a few hours to some days), and also some

aquifer perturbations arose, not for natural reasons,
but as results of the mass ¯ow rates withdrawn by
neighboring active wells. Therefore, together with the

inevitable uncertainty of the measurements, the
unsteady state has to be considered the main cause of
dispersion of experimental data.

Assuming there to be an aquifer steady state, for
short circuit s and the weighting parameter o rational

functions were chosen. The parameters n and �ca _ma�max

were estimated from the numerical simulations of the
Ischia aquifer. These simulations, reported in [9], deter-

mined a value of n close to 3 and showed that
�ca _ma�max is only function of aquifer properties, and

therefore independent of heat ¯ow. For Ischia aquifer,
the range is 2:0R�ca _ma�maxR2:3 kW/8C.
For the Ischia plant, from the well temperature

trends [4,9] measured during the experiments, m is esti-
mated to be comprised in the range 3RmR7 with a
mean value close to 5.

The k1=k0 values can be estimated from momentum
equations balance and density di�erences of geother-

mal ¯uid, taking into account temperature measure-
ments in the well and aquifer. For the Ischia plant,
results showed values in the range 1:2Rk1=k0R3:5:
From estimates of k0 and �ca _ma�max and from

measurements of T1 and Te, a constant value of xth

close to 4 can be determined using Eq. (18).
Other parameters characterizing the device were

selected on the basis of the plant's actual operating

conditions. With regards to the overall heat transfer
coe�cients of GTC components, at the evaporator the

®lm control coe�cient was due to the geothermal ¯uid
convection outside the evaporator tubes, whereas at
the condenser it was due to the cooling water convec-

tion inside the tubes. In particular, because of the
range of the cooling mass ¯ow rate used, inside the
condenser tubes there was mixed laminar convection

and the heat transfer coe�cient was a function of the
Graetz number, and, consequently, of the cooling mass

¯ow rate [10]. Outside the evaporator tubes mixed con-
vection also occurred, but the situation of the geother-
mal ¯uid ¯ow was more complex, owing to the

geometry and the type of convection induced by the
convection promoter.
On the basis of these considerations, for a volu-

metric ¯ow rate of the cooling water of 3 m3/h, the
authors determined an overall heat transfer coe�cient

of about 380 W/m2 K for the evaporator and 400 W/
m2 K for the condenser using heat transfer correlations

[10] consistent with the experimental data. Hence, from
estimate of �ca _ma�max, the numbers of transfer units,
Nev and Ncon, can be estimated using Eq. (27), obtain-

ing practically constant values equal to 2.5 and 1.25,
respectively. For the adiabatic section thermal resist-
ance, the coe�cients of Eq. (39) were estimated on the

basis of the experimental tests [9]. These coe�cients
correspond to a temperature drop between evaporator
and condenser of about 5 K at 10 kW and 2 K at 20

kW. The reduction of the adiabatic section resistance
raising of the heat ¯ow is in qualitative agreement with
the pressure drop of the two-phase ¯ow occurring
inside the connecting pipes with not perfectly insulated

walls. In particular, as the heat ¯ow and, consequently,
the vapour mass rate and velocity are increasing, all
the patterns of the countercurrent and cocurrent verti-

cal annular ¯ow can occur inside the vapour ducts.
Table 1 gives the ®tting parameter values used for

double loop GTC model. In particular, measured tem-

perature of the unperturbed aquifer and estimated
exponents of the functions mentioned, together with
the other estimated parameter values characterizing the

aquifer, the well-promoter system and the device, are
reported. Moreover, the lowest temperature of the
cooling water, reported in Table 1 as the environmen-
tal temperature, was that achieved by the plant cooling

tower [9].
Finally, Fig. 14 reports both, the experimental

results and the ®tting curve evaluated using the double

loop GTC model, for 3 m3/h of cooling water. The
excellent results obtained are due not only to the great
number of degrees of freedom available, but also to

the ability of the model. In fact, the values of the 10
parameters not measured are contemporary included
in the ranges estimated and obtained with di�erent

Fig. 14. Application of the model of GTC with a convection

promoter to the experimental results [9].
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approaches (numerical simulations, momentum and

energy balace equations, heat transfer correlations,

etc.). Clearly, a sensitivity analysis on the parameters

choice was developed by the authors, but its presen-

tation in this paper is not allowed because of the high

number of the parameters. However, the results of sen-

sitivity analysis are similar to those shown in Fig. 3±

Fig. 12. In fact, several parameters used in these

®gures are the same used for the ®tting curve of the ex-

perimental results of the Ischia plant.

For the case concerning 2 m3/h of cooling water, the

parameters in Table 1 were assumed. Compared to the

previous case, the situation did not change at the evap-

orator, whereas at the condenser the overall heat trans-

fer coe�cient decreased from 400 to 325 W/m2 K, due

to a 30% reduction in the cooling water ¯ow rate. For

the thermal resistance of the adiabatic section, the ®t-

ting of the experimental data required coe�cients cor-

responding to a temperature drop of about 5 K at 25

kW. The increase in resistance of the adiabatic section

can be explained as an unexpected change in the geo-

metry of the ¯exible connecting tubes: an inspection

after a long working period revealed some pipe sup-

ports had collapsed inside the well, to form an anoma-

lous curve where some condensed liquid could have

gathered. Probably this arose during the GTC tests

carried out for 2 m3/h of cooling water. The interp-

olation results are still very satisfactory, as shown in

Fig. 14.

This ®gure also shows the results obtained for a

volumetric ¯ow rate of cooling water equal to 1.6 m3/

h, with the convection promoter shortened by 70 cm.

This reduction was necessary to avoid a recurrent

phenomenon: a shifting of the geothermal ¯uid level in

the well periodically disconnected the secondary con-

vection loop in the well, preventing the GTC from

reaching steady state conditions [9]. Therefore, the con-

vection promoter was cut, even though it was always

clear that this operation would cause a decrease in the

driving forces, a consequent drop of the geothermal

¯uid ¯ow through the promoter and the evaporator

tube bundle, and eventually a deterioration in plant

performance [9]. The mass rate reduction of the ¯uid

¯ow circulating in the promoter was estimated as circa

one-third of the previous value; hence, the ratio of the

circulation coe�cients was reduced, and, ®nally, for

the evaporator an overall heat transfer coe�cient

decrease to 150 W/m2 K was calculated. The corre-

sponding parameters are presented in Table 1. The

remaining values of Table 1 concerning the 1.6 m3/h

volumetric ¯ow rate were suggested by ®tting the ex-

perimental data. The thermal resistance of the adia-

batic section corresponds to a temperature drop of 9

K at 10 kW, which could be still explained by means

of the aforementioned formation of the anomalous U-

bend in the connecting pipes; whereas an overall heat

transfer coe�cient of about 225 W/m2 K (not comple-

tely justi®ed for a cooling ¯ow rate of 1.6 m3/h) would

correspond to the condenser at the value assumed by

Ncon: More probable estimations give an overall heat

transfer coe�cient of about 300 W/m2 K, which

requires a condenser surface of just 4.67 m2 compared

to 6.15 m2 calculated by geometry. This inconsistency

is probably due to two concomitant reasons. The ®rst

is the possible presence of non-condensable gases

inside the condenser shell, which, having completely

®lled the two gathering tanks, make part of the con-

denser surface inoperative. The second is a presence of

air dissolved in the cooling water ¯owing in the con-

denser tubes, despite the automatic air valves installed

in the plant. The mixing between water and air con-

tinuously occurred in the cooling tower, and then the

Table 1

Fitting parameters values

Cooling water volumetric ¯ow rate (m3/h) 3 2 1.6

Cooling water heat capacity rate, cu _mu (kW/K) 3.47 2.32 1.85

Unperturbed aquifer temperature, T1 (K) 73.3 73.3 73.3

External ambient temperature, Te (K) 19 19 19

Geothermal ¯uid maximum heat capacity, �ca _ma�max (kW/K) 2 2 2

Dimensionless heat capacity rate thermodynamic limit, xth 4 4 4

Short circuit rational exponent, n 3 3 3

Thermal weighting parameter, o function exponent, m 5 5 5

Circulation coe�cients ratio, k1=k0 3.5 3.5 1.25

Evaporator unit transfer number, Nev 2.5 2.5 1

Condenser unit transfer number, Ncon 1.25 1 0.7

First adiabatic section coe�cient, R0 (K/kW) 1.25563 3.06408 1.50423

Second coe�cient of adiabatic section, R1 (K/kW2) ÿ0.096451 ÿ0.241127 ÿ0.072234
Third coe�cient of adiabatic section, R2 (K/kW3) 0.001929 0.048225 0.001447
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water ¯ow released some air in di�erent parts of the
circuit. Especially for small values of water mass ¯ow

rate, the released air was not washed away, but gath-
ered in several zones, and this would happen in the
upper part of the condenser head cover [9]. It was suf-

®cient for air to obstruct about 10 of the tubes in the
upper part of the tubesheet, to bring about the necess-
ary reduction of the overall heat transfer coe�cient.

6. Conclusions

In this paper, the authors have completed the
lumped parameters model of the phenomena that
cause heat ¯ow limits in one-well geothermal plants.
The model was developed and extended to both single

and double loop natural convection plant with the
heat exchanger placed at the bottom of the well. In
particular, besides plant with DHEs which uses tra-

ditional heat exchangers, plant with GTCs was also
studied since, in previous years the authors had the
opportunity to experimentally investigate a GTC plant

prototype on site.
The model, which was formulated in dimensionless

terms in order to facilitate a parametric study, illus-

trates plant performance and allows one to show that,
for suitable values of the parameters, there are limi-
tations to the maximum heat ¯ow transferred. The
model was also applied to the data ®tting of the exper-

imental results available to the authors. The excellent
results obtained are due not only to the great number
of degrees of freedom available, but also to the ability

of the model, even if with some simpli®cations, to take
into account the main thermal and ¯uid-dynamic
phenomena that de®ne the performance of one-well

geothermal ¯uid circulation plant.
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